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a b s t r a c t
A dominating set of a graph G = (V , E) is a subset S ⊆ V such that every vertex not
in S is adjacent to at least one vertex of S. The domination number of G is the cardinality
of a smallest dominating set. The global domination number, γg (G), is the cardinality of
a smallest set S that is simultaneously a dominating set of both G and its complement G.
Graphs for which γg (G − e) > γg (G) for all edges e ∈ E are characterized, as are graphs
for which γg (G − e) < γg (G) for all edges e ∈ E whenever G is disconnected. Progress is
reported in the latter case when G is connected.
Published by Elsevier B.V.
1. Introduction
Let G = (V , E) be a graph. A subset S ⊆ V is a dominating set of G if every vertex of V − S is adjacent to at least one
vertex of S. The cardinality of a smallest dominating set of G, denoted γ (G), is the domination number of G. A dominating set
of cardinality γ (G) is called a γ -set of G. The theory of domination and related concepts has been the subject of extensive
research. The two-volume set written and edited by Haynes, Hedetniemi, and Slater [5,6] presents an excellent introduction
and summary of results at the time of its publication.
Sampathkumar [9] introduced the notion of a global dominating set in which a subset S ⊆ V is a dominating set of
both G and its complement, G. The global domination number, γg(G), of G (and of G) is the minimum cardinality of a global
dominating set of G, and a global dominating set of this size is a γg -set. A closely related concept, factor domination, was
defined by Brigham and Dutton [2] that is equivalent to global domination in certain situations. Brigham and Carrington [1]
summarize known results as of 1998. Other references to global domination and related invariants include [3,7,8].
One can imagine a variety of interpretations and applications of the global domination concept. A few are mentioned
here. In each description, the symbol S is a global dominating set.
1. Consider a two coloring of the edges of a complete graph Kn where every vertex is incident to at least one edge of each
color. Then, if G is the graph induced by one of the colors, γg(G) is equal to the size of a smallest set of vertices S so that
every vertex not in S is incident to an edge of each color whose other endpoint is in S.
2. Let N be a collection of computers in a network in which every computer is linked to every other computer by exactly
one of two types of communication channels. Find a smallest set S of computers so that every computer in N − S can
communicate with S by either channel type. Equivalently, S can broadcast a message to all computers of N − S in one
step using either channel.
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3. Consider a set V of entities (people, countries, etc.) where the two entities of each pair are either friends or foes. Find a
smallest set S of entities such that any entity in V − S is neither friends with all the entities of S nor foes with all of them.
Such a set might form an acceptable mediation panel for all parties.
This paper is concerned with possible changes in the global domination number of a graph Gwhen an edge e is removed
from G, that is, in how γg(G − e) relates to γg(G). This type of question falls into the general category of changing and
unchanging of invariants as defined by Harary [4]. Notice that when edge e is removed from G, it is added to G, so the
question is equivalent to the relationship between γg(G+ e) and γg(G).
When an edge is removed from G, the global domination number can decrease, stay the same, or increase. We say e is
minus global domination critical, or simplyminus critical, if γg(G− e) < γg(G), and is plus global domination critical, or simply
plus critical, if γg(G− e) > γg(G). If the same inequality holds for all edges of G, G also is termed eitherminus critical or plus
critical as appropriate. It is convenient to define certain sets of graphs as follows:
1. Eγg = {H : γg(H − e) = γg(H)− 1 for all e ∈ E(H)},
2. Vγg = {H : γg(H − v) = γg(H)− 1 for all v ∈ V (H)},
3. Eγ = {H : γ (H + e) = γ (H)− 1 for all e ∈ E(H)}, and
4. SC = {H : H is a self-complementary graph}.
We employ the notation NG(v) for the neighborhood of vertex v in graph G. If D is a dominating set of graph G = (V , E)
and x ∈ D, vertex v ∈ V − D is a private neighbor of x if N(v) ∩ D = {x}. The following elementary facts will prove useful.
They are derived in Brigham and Dutton [2].
Theorem 1. For graph G,
1. max{γ (G), γ (G)} ≤ γg(G) = γg(G) ≤ γg(G)+ γg(G), and
2. if G or G is disconnected, then γg(G) = γg(G) = max{γ (G), γ (G)}.
2. Minus critical and plus critical edges
In this section we examine consequences of an edge being either minus critical or plus critical. Lemma 2 deals with the
former while Lemma 3 discusses the latter.
Lemma 2. Let G = (V , E) be a graph, xy ∈ E, and γg(G− xy) < γg(G). Then, for every γg -set D of G− xy,
1. D contains exactly one of the endpoints x and y,
2. the other endpoint dominates D in G, and
3. D ∪ {x, y} is a γg -set of G.
Proof. Let D be an arbitrary γg-set of G − xy. If {x, y} ⊆ D or {x, y} ⊆ V − D, then D is a global dominating set of G and
contradicts the assumption that γg(G−xy) = |D| < γg(G). Thus every γg-set of G−xy contains x or y, but not both.Without
loss of generality, assume x ∈ D. Then, for every vertex z ∈ V − (D ∪ {y}), NG(z) ∩ D 6= ∅. Furthermore, since z must
be dominated in G + xy, NG(z) ∩ D 6= D. Since D is not a global dominating set of G, vertex y must, in G, contain D in its
neighborhood. Since D dominates all other vertices in G, D∪ {y} is a global dominating set of G, and hence a γg-set of G. 
Observe that Lemma 2 shows that γg(G − xy) = γg(G) − 1 for any minus critical edge xy. The following result can be
obtained by applying Lemma 2 to G+ xy.
Lemma 3. Let G = (V , E) be a graph, xy ∈ E, and γg(G− xy) > γg(G). Then, for every γg -set D of G,
1. D contains exactly one of the endpoints x and y,
2. The vertex in {x, y} − D is a private neighbor in G of the vertex in {x, y} ∩ D, and
3. D ∪ {x, y} is a γg -set of G− xy.
Lemma 3 implies that, if edge xy is plus critical, γg(G − xy) = γg(G) + 1. This fact, coupled with the corresponding
comment following Lemma 2, leads immediately to the next corollary.
Corollary 4. For any graph G = (V , E) and any edge e ∈ E, γg(G)− 1 ≤ γg(G− e) ≤ γg(G)+ 1.
While an edge of a graph can be either minus critical or plus critical, no graph can contain edges of both types, as shown
in the following theorem.
Theorem 5. Let G = (V , E) be a graph such that γg(G− e) = γg(G)−1 for some edge e ∈ E. Then γg(G− e) ≤ γg(G) for every
edge e ∈ E.
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Proof. Let xy ∈ E and γg(G − xy) = γg(G) − 1. By Lemma 2 there is a γg-set D′ of G containing both x and y with one of
them, say y, dominating D′ in G. Furthermore, D = D′ − {y} is a γg-set of G− xy. Suppose there is an edge ab ∈ E for which
γg(G − ab) = γg(G) + 1. Then, by Lemma 3, the set D′ contains exactly one of a and b, say a, and the other, b, is a private
neighbor in G of awith respect to D′.
We show that the set D′′ = D ∪ {b} is a global dominating set of G − ab. Since D is a γg-set of G − xy, every vertex
v ∈ V − D′′ − {y} has a neighbor in D ⊆ D′′, and there is a vertex v′ ∈ D that is not a neighbor of v, meaning v is dominated
by D in both G−ab and G+ab. Therefore, only vertex y remains to be considered. Suppose y 6= a. Then yb is not an edge of G
because y ∈ D′ and b is a private neighbor of awith respect toD′. On the other hand, if y = a, thenD = D′−{y}would not be
a global dominating set of G− xy since bwould not be dominated in G. It follows that y is not adjacent to b in G. Therefore, in
G− ab, any vertex of D dominates ywhile, in G+ ab, y is dominated by b, completing the proof that D′′ = D∪ {b} is a global
dominating set of G−ab. Thus γg(G−ab) ≤ |D′′| = |D′| = γg(G), contradicting the assumption that γg(G−ab) = γg(G)+1
and thereby establishing the theorem. 
The corresponding statement when G contains a plus critical edge follows at once.
Corollary 6. If γg(G− e) = γg(G)+ 1 for some edge e, then γg(G− e) ≥ γg(G) for every edge e ∈ E.
3. A characterization of plus critical graphs
In this section we characterize plus critical graphs G = (V , E), that is, graphs such that γg(G− e) = γg(G)+ 1, for every
edge e ∈ E.
Theorem 7. Let G = (V , E) be a graph. Then γg(G − e) = γg(G) + 1 for every edge e ∈ E if and only if G is a collection of
m ≥ 2 stars.
Proof. Suppose G is a collection of m ≥ 2 stars. Then γ (G) ≤ 2 ≤ γ (G) = m and, from Theorem 1 Part 2, m = γg(G). For
any edge e ∈ E, G− e is a collection ofm+ 1 stars and, hence, γg(G− e) = γ (G− e) = m+ 1 > γ (G) = m = γg(G).
Next suppose γg(G − e) = γg(G) + 1 for every edge e ∈ E. Let D ⊆ V be an arbitrary γg-set of G. Consider an arbitrary
edge e = xy ∈ E. By Lemma 3, e has exactly one endpoint, say x, in D. Furthermore, the other endpoint y of e, which lies in
V − D, is a private neighbor of x with respect to D, meaning y is a degree one vertex in G. Thus G is a collection of m stars.
The number of starsmmust be at least 2 since, ifm = 1, we would have γg(G− e) = γg(G) = 2 for any edge e. 
4. A characterization of minus critical graphs G for which G is disconnected
A meaningful characterization of minus critical graphs, that is, graphs for which γg(G − e) = γg(G) − 1 for all edges
e, appears to be difficult. Notice these are the graphs of Eγg . We observe first that any such graph G is possible only if G is
connected.
Theorem 8. If graph G = (V , E) is not connected, then γg(G− e) ≥ γg(G) for any edge e ∈ E.
Proof. Since G is not connected, γ (G) ≤ 2 ≤ γ (G) = γg(G) where the equality follows from Theorem 1, Part 2. Using the
same result a second time shows that, for any edge e ∈ E, γg(G− e) = γ (G− e) ≥ γ (G) = γg(G). 
In the remainder of this paper we assume G is connected. It is possible for G to be disconnected, and this is the case
discussed in the following theorem.
Theorem 9. Let G = (V , E) be a graph for which G is disconnected. Then G ∈ Eγg if and only if
1. G ∈ Eγ , and
2. when G has two components, one of which is an isolated vertex x, then γg(G+ xy) < γg(G) for every edge xy ∈ E.
Proof. Since G is disconnected, Theorem 1 Part 2 gives γ (G) ≤ 2 ≤ γ (G) = γg(G) = γg(G). Suppose G ∈ Eγg , that is,
γg(G− e) < γg(G) for every edge e ∈ E. Then, for any edge e, γ (G+ e) ≤ γg(G+ e) = γg(G− e) < γg(G) = γg(G) = γ (G),
that is, G ∈ Eγ . Since γg(G− e) < γg(G) is equivalent to γg(G+ e) < γg(G), Condition 2 is satisfied automatically.
Next suppose Conditions 1 and 2 hold. FromCondition 1, γ (G+e) < γ (G) for all edges e ∈ E. Notice that any two vertices
from different components of G dominate G. Let e = xy be an arbitrary edge of E and assume there is a γ -set D of G + xy
that contains vertices from two components of G. It is straightforward to observe that one endpoint of e, say x, is in D and
that y is a private neighbor of x in G+ xy. As a consequence, y is dominated in G− xy by every vertex in D− {x}. Therefore,
x and any vertex in D that is in a different component of G from that of x dominates G− xy. Hence γ (G+ xy) = γg(G+ xy).
It follows that γg(G− xy) = γg(G+ xy) = γ (G+ xy) < γ (G) = γg(G) = γg(G), so G ∈ Eγg in this case.
Now suppose every γ -set D of G + xy contains only vertices from one connected component of G. Then we must have
that G+ xy is connected and G has exactly two components, one of which is an isolated vertex and is one of the end points
of e. Using Condition 2, we conclude that γg(G − xy) = γg(G + xy) < γg(G) = γg(G). Thus, once again, G ∈ Eγg and the
proof is complete. 
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Fig. 1. Self-complementary Graphs in Eγg .
5. On minus critical graphs G with G connected
As indicated above, a characterization ofminus critical graphs Gwhen G is connected seems to be elusive. There certainly
are such graphs, four of which are shown in Fig. 1. All of them are self-complementary. It is an open question whether there
are any such graphs that are not self-complementary. This section pursues related questions.
The first result is straightforward
Theorem 10. If graph G ∈ SC ∩ Eγg , then G ∈ Eγg .
Proof. Suppose G ∈ SC ∩ Eγg . Since G ∈ SC , G and G are isomorphic, implying G ∈ Eγg . 
We know of no counterexamples to the following conjecture.
Conjecture 11. If graphs G and G are both members of Eγg , then G ∈ SC.
Theorem 12. If graphs G and G are both members of Eγg , then, for all but possibly one vertex v, γg(G− v) = γg(G)− 1.
Proof. Suppose G = (V , E) and G,G ∈ Eγg . Let x and y be any distinct pair of vertices of V . If xy ∈ E, then, since G ∈ Eγg ,
γg(G−xy) = γg(G)−1 and, by Lemma2, there is a γg-setD ofG−xy containing exactly one of the endpoints, say x, andD∪{y}
is a γg-set of G. Therefore, γg(G− y) = γg(G)− 1. If xy 6∈ E, the same argument applied to G shows γg(G− y) = γg(G)− 1
which is equivalent to γg(G − y) = γg(G) − 1. Thus, for each pair of vertices, at least one must be critical. The result
follows. 
Theorem 13. Let G = (V , E) be a graph where |V | is even. If G ∈ SC ∩ Eγg , then G ∈ Vγg .
Proof. From Theorem 10, G also is in Eγg . Then, from Theorem 12, at most one vertex of G can be non critical. Suppose there
is a vertexw for which γg(G−w) ≥ γg(G). Since G is self-complementary, there is a bijection f : V → V so that x is adjacent
to y if and only if f (x) is not adjacent to f (y). If f (w) = w, the degree ofw must be |V |−12 which can occur only if |V | is odd.
Thus we may assume f (w) = v 6= w. Then G− v has a γg-set D for which |D| = γg(G)− 1. Then the bijection f assures that
γg(G− w) < γg(G), a contradiction. The conclusion follows. 
It remains open whether or not Theorem 13 can be extended to the case when |V | is odd.
Conjecture 14. If graphs G and G are both members of Eγg , then G ∈ Vγg .
The following theorem is obvious.
Theorem 15. If Conjectures 11 and 14 hold, then Eγg ⊆ SC ∩ Vγg .
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